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Abstract: Fuzzy systems built on sparse rule bases apply special inference
techniques. A large family of them can be described by the concept of the general
methodology of the fuzzy rule interpolation (GM) [1]. Accordingly to this the
conclusion is produced in two steps. First a new rule is interpolated
corresponding to the position of the reference point of the observation in each
antecedent dimension. Secondly the conclusion is determined by firing this rule.
This paper proposes a novel set approximation method (FEAT-p) applicablein the
first step of the GM for the determination of the antecedent and consequent sets of
the new rule. The suggested technique introduces the concept of the polar cut and
calculates the points of the shape of the sets taking into consideration all sets
belonging to the actual partition. The method can handle subnormal sets, too.
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1 Introduction

Systems working with fuzzy logic produce their autpusing a rule-based
inference technique. One of the more importantufest of their knowledge base
is the sparse or dense character of the rule Basecollection of the rules can be
considered sparse when there exist possible oligargginput values) that do not
overlap the antecedent part of any rules.



The classical fuzzy reasoning techniques like Zadedlamdani’'s, Yager's or
even Sugeno’s cannot afford an acceptable outpatiéh cases. Therefore such
fuzzy inference methods are applied in systemd builsparse rule bases, which
can estimate the result in lack of proper rules, to

There are several applicable techniques in theatitee, which more or less satisfy
the general condition set introduced in [6] for thealuation and comparison of
the fuzzy rule interpolation methods based on tames fundamentals. These
techniques can be divided into two groups dependingwhether they are

producing the estimated conclusion directly or thake interpolating an

intermediate rule first.

Relevant members of the first group are among stlthke KH method [7]

proposed by Kdczy and Hirota, which is the firsteleped one, the MACI [10],
the FIVE [8] introduced by Kovacs and Koczy, theUM proposed by Wong,

Gedeon and Tikk [12], the method based on the ceasen of the fuzziness
suggested by Gedeon and Kéczy and the interpola®asoning based on
graduality introduced by Bouchon-Meunier, Marsata &ifgi [2]. The structure

of the methods belonging to the second group carddseribed best by the
generalized methodology (GM) defined by Baranyalein [1]. Typical members
of this group are e.g. the technique family propldsg Baranyi et al. in [1], the ST
method [14] suggested by Yan, Mizumoto and Qiao taedGRV [4] developed

by Huang and Shen.

Most of the mentioned methods can be charactehgete feature that during the
approximation they take into consideration only twdes which flank the

observation. A new Fuzzy sEt Approximation Techei&FEAT) based on the
shifting of the linguistic terms and its polar datsed implementation (FEAT-p) is
suggested in this paper. This method was develdpedhe first step of the

generalized methodology.

The rest of this paper is organized as followsstRine concept of the generalized
methodology is recalled, followed by the presentatof the proposed FEAT
method and some numerical examples outlining theiteity (tuning possibility)
of the technique on the weighting factors of tHesu

2 Generalized methodology of the fuzzy rule
interpolation

The method FEAT being introduced in this paperofe the concept of the
generalized methodology. Its application area ésfitst step of this methodology.
The generalized methodology of the fuzzy rule ipbéation was introduced by
Baranyi et al. in [1]. It defines a reference pdiRP) for the characterization of



the position of the fuzzy sets. There are seveoakiple choices regarding to it,
e.g. the centre of the core [1] [2], the centreéhef support [2] or the centre of the
gravity [4] can play this role. Choosing the refeze point could be in strong
relation with the selection of the defuzzificatiorethod. It can be viewed as a
parameter (tuning point) of the technique. Theadiseé of the fuzzy sets, which
plays a crucial role in the determination of theraximated result is measured by
the Euclidean distance of the reference pointe®tets (1).

d(A,A)=|RP(A)-RP(A) @)

whereA; andA, are the fuzzy set&P is the reference point and d is the distance
of the sets.

The generalized methodology consists of two stejpst a new rule is determined
whose antecedent part overlaps the observaticeaat partially and beside this in
the case of a one dimensional antecedent univéisereference point of the
antecedent set is the same as the reference gdim @bservation. In case of a
multiple dimensional antecedent universe the lésement is valid for all the

dimensions.

The approach of the generalized methodology refldue assumption that there
exists regularity in the rule base expressing aigoaus mapping between the
antecedent and consequent universes. In the feptthe concrete form of this
mapping is determined corresponding to the refergrmint(s) of the observation.
The approximation process of the new rule can biell into three stages. First
the antecedent is determined using a set inteipolapproximation technique. In
[1] the methods SCM, FVL, FPL, SRM I-ll are suggestfor this task. The
method presented in [4], which uses scale and nravisformations can also be
applied. Secondly the position of the consequeiaisulated using for example
the fundamental equation of the fuzzy rule inteagoh (FEFRI) [7][1] or
applying a spline based interpolation. Thirdly tbieape of the consequent is
determined using the same technique and approdaltlas first stage. The aim of
this paper is to introduce the technique FEAT asssible implementation of the
first and third stage of the first step of the gatized methodology.

In the second step of the generalized methodolbgynewly determined rule is
considered as a part of the extended rule baseappeximated conclusion, the
result of the inference process is determined bindfithis rule. Usually the
antecedent part of the rule and the observatiors du# coincide perfectly,
therefore some kinds of special single rule reagptéchniques are needed. For
example the similarity transfer method introduced14], the revision principle
based FPL and SRM techniques presented in [9] er dtale and move
transformations based method [4] can be applield stitcess in this step.



3 Fuzzy set approximation by shifting of linguistic
terms (FEAT-p)

The proposed method is based on the assumptiorathatter approximation of
the real relation between the antecedent and caaeséaniverses can be attained
by taking into consideration all the available sula the rule base. This supposal
appeared already right at the beginning of theohjstof the fuzzy rule
interpolation e.g. in [7] or later e.g. in [13]. Bpite of the possible advantages
most of the methods use only two rules that sudothe observation. The
technique being presented serves the determinatforthe antecedent and
consequent sets of the new rule in the first aid t#tage in the first step of the
generalized methodology. The method is the samerdezss of being applied for
an antecedent or a consequent dimension.
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Figure 1. The original partition and the resultleé shifting

The starting point is a fuzzy partition with thefer@nce points of the sets
determined in advance and the reference point efottservation in the actual
dimension/partition. All the sets in the partitibelong to the antecedent part of
one or more rules.

First all the sets are shifted horizontally in artle reach the coincidence of their
reference points with the reference point of theepbation. This idea is similar to
the concept in [2], but that method uses and ted@slonly the two flanking sets
into the location of the observation.

Figure 2.

Next the shape of the new set is determined fraarctilection of the overlapped
sets. There are several solutions for this task5]the authors present a solution



with low computational complexity based encuts (FEATe) for the most
popular case of the convex and normal fuzzy (CNE.s

Further on a polar cut based technique (FEAT-pprissented. It can also be
applied in cases when the normality condition i$ satisfied for all the sets
participating in the approximation process, i.ee tieight of one or more sets is
smaller than 1. Similar to the choice of the refiee= point the selection of the
calculation mode of the shape is also a tuningtpoin

The suggested shape calculation technique is basetthe assumption that an
extension and a resolution principle of the fuzetssan be defined for polar cuts.
The method uses a polar co-ordinate system whagén aroincides with the
abscissa of the reference point of the observafigrolar cut is defined by a value
pair {rho, 6} (Fig. 2) that determines a point on the shaptheflinguistic term.

For each polar cut of the approximated set theewdia is calculated as weighted
average of theho values of the shifted sets for the safrengle using the formula

).
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whererho denotes the length of a polar quis the actual antecedent dimensién,
is the angle of the actual cu,is the number of the sets in the partitiéyy is the

polar cut of thek" set, wy is the weighting factor of the" set and Afg is the
approximated polar cut.

It seems to be natural that the sets whose origpadition were in the
neighbourhood of the reference point of the obd&mato exercise higher
influence as those ones situated in farther regadnthe universe of discourse.
Therefore the weighting factor should be dependentdistance. The simplest
weighting factor is the reciprocal value of thetaige, which can be expressed by
the formula (3) with p=1, but there are severabmmendations in the literature
for more or less analogue cases. For example ithgJsquare of the reciprocal
value of the distance is suggested (p=2). The asithigf11] propose the use of the
reciprocal value of the distance on th® ppwer (p=m), where m is number of the
antecedent dimensions.
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where Al is the fuzzy set corresponding to tfedjmension of the observation. In

[13] three variants of the weighting factor calledtensibility functions are
introduced. These can be described by (4) withnespective p=2 and (5).

1
W = ; 5 4
A EjiAj A )
ij — e_/‘(Ai’Aik) (5)

wherel is a positive constant determining the effectixepsibility distance. The
choice of the weighting factor can add a free patanto the formula (2) to adjust
the sensitivity.

In case of the weighting factors (3) and (4) th&tadice between the observation
and the K set of the partition is in the denominator. Therefthese weighting
factors require the supplement of the formula (@mely if the distance is zero
the polar cuts of the approximated set should édénavith the respective polar
cuts of the set f Thus the endpoints of the polar cuts are caledlaising the
formula (6). Hereby the method FEAT-p becomes azyuget interpolation
technique. It ensures the fulfiiment of the comditi4 from [6], namely the
compatibility with the rule base, for the rule irgelation method based on the
above mentioned method. It means that if the olasienv coincides with the
antecedent part of a rule, the estimated conclusioould coincide with the
consequent part of that rule, too.
d(A;, A, )>0

kZ:J:,ij [ho{Aij}
ofAnt=  Sw, i (6)
p=i

rho{A,}  d(A,A,)=0

4 Numerical examples

This section intends to present some relevant ffleataf the suggested method
outlining the effect of the weighting factor.
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b. Shifted sets

Figure 3.

Figure 3.a shows a partition containing four trapeal shaped fuzzy sets with the
characteristic points given by (5) and (6). Theftsti sets corresponding to the
reference point of the observati®®P(A*)=7.5 are presented in figure 3.b. Figure

3.c contains the approximated set using the sirhpleighting factor\{=1).
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The results presented in Fig. 4 were obtained usiagveighting factor (3) with
p=1. The results presented in Fig. 5 were obtairstguthe same weighting factor
with p=2. Fig. 6 contains the approximated sets by waighfactor (5). In each
case (Fig. 4-6) threevalues were tried. It can be clearly observed ithaeasing
2 the second set 6§\ which is the nearest one to the observation imesomore
and more dominant. The weighting factor (5) is ti@st sensitive to the value of
A

5 Conclusions

The rule interpolation based fuzzy inference teghes ensure the acceptable
output even in such cases when there are no rutesevantecedent part would
overlap the observation at least partially. A grafghese techniques follow the
general methodology of the fuzzy rule interpolatibh

In this paper a new method is proposed for the §itsp of the GM aiming the

approximation of the antecedent and consequens partthe new rule. The

techniqgue FEAT-p introduces the concept of the mpola and uses all the sets
belonging to the partition for the calculation bétpoints of the new set. Its main
advantage is that it can handle subnormal sets, Mareover its important

characteristics are its low computational compigxdéomprehensibility and its

assumed positive influence on the approximatiorabdipy of the GM.

Some numerical examples were presented in ordewttime the sensitivity of the
technique to the selection of the type and parametethe weighting factors.



References

(1]

(2]

(3]

(4]

(5]

(6]

[7]

(8]

9]

(10]

(11]

Baranyi, P., Kéczy, L. T. and Gedeon, T. D.G&neralized Concept for
Fuzzy Rule Interpolation. In IEEE Transaction OrzBuSystems,
ISSN 1063-6706, Vol. 12, No. 6, 2004. pp 820-837.

Bouchon-Meunier, B., Marsala, C.; Rifgi, M.:témpolative reasoning
based on graduality. In Proc. FUZZ-IEEE'2000, 208, 483-487.

Gedeon, T. D., Kdczy, L. T.: Conservation ozfiness in rule
interpolation. In Proceedings of the Symposium ewN rends in
Control of Large Scale Systems, Volume 1, Herl'&lgyakia, 1996,
pp. 13-19.

Huang, Z., Shen, Q: Fuzzy interpolation witmgealized representative
values, in Proceedings of the UK Workshop on Cosaanal
Intelligence, pp. 161-171, 2004.

Johanyak, Z. C., Kovécs, S.: Fuzzy set appratiom based on
linguistic term shifting, MicroCad 2006, being pishied.

Johanyak, Z. C., Kovacs, S.: A brief survey aothparison on various
interpolation based fuzzy reasoning methodsngernational
Symposium of Hungarian Researchers on Computatlatelligence,
Budapest, 2005, pp. 323-334.

Koéczy, L. T., Hirota, K.: Rule interpolation hylevel sets in fuzzy
approximate reasoning, In J. BUSEFAL, Automne, UBRKRS. Vol.
46. Toulouse, France, 1991, pp. 115-123.

Kovacs, Sz., Kéczy, L.T.: Application of an apgimate fuzzy logic
controller in an AGV steering system, path trackamgl collision
avoidance strategy, Fuzzy Set Theory and Applioatid atra
Mountains Mathematical Publications, Mathematiostkitute Slovak
Academy of Sciences, Vol.16, Bratislava, Slovak299, pp. 456-467.

Shen, Z., Ding, L., Mukaidono, M.: Methods @fision principle, in
Proc. 8' IFSA World Congr., 1993, pp. 246—249.

Tikk, D., Baranyi, P.: Comprehensive analysig new fuzzy rule
interpolation method, IEEE Trans Fuzzy Syst., 8olJune 2000, pp.
281-296.

Tikk, D., Joé, |., Kéczy, L. T., Varlaki, PMoser, B., Gedeon, T. D.:
Stability of interpolative fuzzy KH-controllers. Ery Sets and Systems,
125(1), January 2002, pp. 105-119.



(12]

(13]

(14]

Wong, K. W., Gedeon, T. D., Tikk, D.: An impred multidimensional
a-cut based fuzzy interpolation technique, in Piot.Conf Artificial
Intelligence in Science and Technology (AISAT'200dpbart,
Australia, 2000, pp. 29-32.

Yam, Y., Koczy, L. T.: Representing membershipctions as points in
high dimensional spaces for fuzzy interpolation arttapolation.
Technical Report CUHK-MAE-97-03, Dept. Mech. Autdimang., The
Chinese Univ. Hong Kong, Hong Kong, 1997.

Yan, S., Mizumoto, M., Qiao, W. Z.: An Impravent to Koczy and
Hirota’s Interpolative Reasoning in Sparse FuzzieMases, in
International Journal of Approximate Reasoning,8,9%ol. 15, pp.
185-201.



